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Fuzzy Lattice Ordered Group

Vimala J

Abstract—In this paper, the definition of Fuzzy |- group with respect to Fuzzy partial order relation is introduced.

Some properties on

Fuzzy I-groups is derived. The relation between Fuzzy I-group, DRL- group and Browerian Algebra are established..

Index Terms—Fuzzy lattice, Fuzzy partial order relation, Fuzzy I-group, Lattice ordered group
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1 INTRODUCTION

he concept of a fuzzy set was first introduced by Zadah
[1] and this concept was adapted by Goguen [2] for fuzzy
relations. Ajmal and Thomas [3] defined a fuzzy lattice as
a fuzzy algebra. The theory of distributive lattices, being the
major part in the present lattice theory, many mathematicians
have introduced various types of elements satisfying certain
distributive equations. Ore, O., has introduced and developed
the concept of distributive elements in lattices, Gratzer, G.,
and Schmidt, E.T., have introduced and characterized stand-
ard elements in lattices and Birkhoff, G., has introduced neu-
tral elements in lattices. Later, Birkhoff G., Gratzer, G.,
Schmidt E.T., Hashimoto, J., Kinugawa, S., and Igbalunnisa
have developed many equivalent conditions for an element of
a lattice to be neutral.
In continuation of all the above, we define fuzzy lat-
tice ordered group and develop some properties of fuzzy lat-
tice ordered group.

2 PRELIMINARIES

2.1 DEFINITION

A non-empty set G is called a commutative lattice or-
dered group iff

1. G,+)is a commutative group

2. G, S) is a lattice
x<y=a+x<a+yforalla, X,y inG.
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2.2 Definition

A non-empty set G is called a commutative lattice or-
dered group iff

1. G,+)is a commutative group

2. G,v, /\)is a lattice

3. a+(xvy)=(a+x)v(a+y)

a+(xay)=(a+x)a(a+y)foralla,xyinG.

2.3 Definition

Let Xbe a set. A function A: X x X —[0]1] is called a fuzzy
relation in X.

The fuzzy relation A in X is reflexive iff A(X, x):l for
all xeX, A is transitive iff A(x,z)> sup min(A(x,y), A(y,z)),
and A is antisymmetriciff A(x,y)>0 amnd A(y,x)>0 implies
X=Y. A fuzzy relation A is a fuzzy partial order relation if A
is reflexive, antisymmetric and transitive.

2.4 Definition

Let (X,A) be a fuzzy poset and let B< X . An element
Ue X is said to be an upper bound for a subset Biff Ab,u)> 0
for all heB. An upper bound ugfor B is the least upper
bound of Biff A(ug,u)>0 for every upper bound ufor B. An
element Ve X is said to be a lower bound for a subset Biff
A(V,b)> 0 for all beB. A lower bound vgfor B is the
greatest lower bound of Biff A(v,vy)>0 for every lower bound
v for B.

We denote the least upper bound of the set {X, y} by
XV Y and denote the greatest lower bound of the set {x,y}by
XAY.

2.5 Definition

Let (X,A) be a fuzzy poset. (X,A)is a fuzzy lattice iff
XVvYy and XAY existforall X,ye X .
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2.6 Proposition

Let (X, A) be a fuzzy lattice and let X,y,z e X . Then
1. Alx,xvy)>0, Aly,xvy)>0,AxAy,x)>0,
AlxAy,y)>0.

2. A(x,z)>0and A(y,z)>0 implies A(xvy,z)>0
3. A(z,x)>0and A(z,y)>0implies A(z,xAy)>0.
4. Alxy)>0iffxvy=y
5 AlX,y)>0iff XAy =X
6. 1If Aly,z)>0, then A(xAy,xAz)>0and
A(xvy,xvz)>0.
2.7 Definition

A system A={A,+,S} is called a dually residuated lattice
ordered group or DRL - group if

()  (A+)is an abelian group
ii) (A <)is alattice
b<c=a+b<a-+cforallg b, cin A

iv) Given g, b in A there exist a least element x=a—-b
in A such that b+x>a

2.8 Definition
A non-empty set B is called a Browerian Algebra if and
only if
()  (B,<)is alattice
(ii)  Bhas a least element
(iii) To each a, b in B,there exist a leastx=a—bin B
such thatbv x>a

3 Fuzzy LATTICE ORDERED GROUP

3.1 Definition

A non-empty set G is called a fuzzy lattice ordered
group iff

(@) G,+)is a group.

(i) (G, R) is a fuzzy lattice.

(iii) R(x,y)>0=R(a+x,a+y)>0forall x,y,acG.

Here R:GxG —}[0,] is a fuzzy partial order relation.

3.2 Definition

A non-empty set G is called a fuzzy lattice ordered
group iff
(@) G,+)is a group.
(if) G,v,/\)is a fuzzy lattice.
(i) R(@a+(xvy)(a+x)v(a+y))=1foralla,x,yeG.
HereR:GxG — [0,1] is a fuzzy partial order relation.

Example
(ER,+, A)is a fuzzy lattice ordered group.
Theorem 1

Two definitions for fuzzy lattice ordered group are
equivalent.

Proof

It is enough to prove that the following two condi-
tions are equivalent.

R(x,y)=0=R(a+x,a+y)>0 (1)
Rla+(xvy)@a+X)v(a+y)=1 ()
1 =@

Assume that R(X y)Z R(a+ X,a+ y)zO
Rla+(xvy)(@a+x)v(a+y))
=R(a+y,a+y)
=1 (since R is reflexive)
@ =@
Suppose R(X,y)ZO
Now R(a+(xvy)(a+x)v(a+y))=1
=a+(xvy)=(a+x)v(a+y)
=a+y=(a+x)v(a+y)
Sa+x<a+y
=R(@a+xa+y)>0

Here the two definitions are equivalent.

Theorem 2

Any fuzzy lattice ordered group is a DRL-group.

Proof

Let (G,+R) be a fuzzy lattice ordered group. Here R
is a fuzzy partial order relation.

It is enough to prove that

“if a,b € G, there exist a least element x in G such that
R(a,b+x)>0".

Let a,beG=a,-beG
=a+(-b)eG
=a-beG

= There exist a least X=a—bin G such that
R(a,b+a-b)

=R(a,a)=1>0
=R(a,b+x)>0

R(a,b+x)=

IJSER © 2014
http://www.ijser.org


http://www.ijser.org/

International Journal of Scientific & Engineering Research, Volume 5, Issue 9, September-2014

ISSN 2229-5518 s
4 SOME PROPERTIES OF FUZZY LATTICE ORDERED
GROUP

Property 1
R[(avb)[(a—b)v0]+b]=1forall a,beG
Proof

Let a,b G be arbitrary
[(a-b)vo]=b+[(a-b)vo]
=[b+(a-b)]v(b+0)
=avb
=R(avb)((@a-b)v0)+b=1
Property 2
R(a,b)>0=R(a-c,b—c)>0and
R(c—b,c—a)>0forall a,b,cinG.
Proof
Let a,b,cin G be arbitrary.
Suppose a<h
=avb=bandaab=a
To prove R(a—c,b—c)>0 and
R(c—b,c—a)zo
Claim
—-C)=b-cand
C a—c a
Cv ) (b—c)v 0]+ (b=c) by prop.
a-c— b+c v0+b c
a-— b b c)
a-— bv0+b
avhb)-c
b— c
=(a-c)v(b- c =b-c
Also asb=>-b<-a
=c+(-b)<c+(-a)
=c-b<c-a
REa—c,b—c%annd
R(c-b,c-a)>0
Property 3

R((avb)-c,(a-

Now (

¢)v(b—c))=1forall a,b,ceG.

Proof
Let[(z b, é:)e ﬁ) bece)a]rfl(;crary
=c+[(a-c)v(b—c
=c+ a—c)vc+(b—)]c)
:(a—c)fza(lt;/—bc)=(avb)—c
=R((avb)-c,(a-c)v(b—c))=
Property 4
R(a-(bvec) (a-b)a(a—c))=1
Proof

Let a,b,c € G be arbitrary.

We have b,c<bvc

= —(bvc)<-b-c
—(bvc)<a-ba-c
—§bvc <(a-b)a(a-c)

60

Also [(a-b)a +(bve)
a-b)a(a—c)l+bv|a-b)a(a-
a- b;+b]v [@a-c)+c]

ava=a

c)(a-b)a(a

c)]+c

IAIA I

= R(a-

—_

bv

~o)-1

Property 5

R(b,a)<0=R((a-b)+hb,a)=1forall abeG.

Proof

Let a,bin G be arbitrary.

Assume that R(b,a)SO
=a-b>0
=(a-b)v0o=a-bh

By prop. (1)[(a—b)vO0]+b=avh
=(a-b)+b=avb
=(a-b)+b=asinceR b,a)SO

Thus R(b,a)<0= R((a—b)+b,a)=1
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